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ABSTRACT 

We examine the mode functions of the electromagnetic field on spherically symmet- 
ric backgrounds with special attention to the subclass which allows for a foliation as 
open Fricdmann-Lemaitre (FL) spacetime. It is well-known that in certain scalar field 
theories on open FL background there can exist so-called supercurvature modes, their 
existence depending on parameters of the theory. Looking at specific open universe 
models, such as open inflation and the Milne Universe, we find that no supercurva- 
ture modes are present in the spectrum of the electromagnetic field. This excludes the 
possibility for superadiabatic evolution of cosmological magnetic fields within these 
models without relying on new physics or breaking the conformal invariance of elec- 
tromagnetism. 
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1 INTRODUCTION 



The generation of large scale coherent magnetic fields in 
^ , the Universe which are observed in low and high rcd- 
■'-j ■ shift galaxies (|Kronberdll994l : IPentericci et~ali 2 000) clus - 
/\ [ ters (|Clarke et all l200lh. filaments feattaglia et all 120091') 
^ ' even in voids ( Neronov fc Vovk 2010l : Taylor et al.l 

I2OIII ). is still an unsolved problem in cosmology. Fields 
generated in the early Universe are generally small and, 
on large scales, they usually simply evolve via fiux con- 
servation, B oc a~^, where a denotes the scale factor of 
cosmic expansion. One exception to this rule are helical 
magnetic fields which develop an in verse cascade moving 
power from small to larger scales (iB aneriee fc JedamzikI 
I2OO4I : ICampanellill2007l ). This can alleviate the problem of 
magn etic field generation somewhat but is still not suffi- 
cient (|Caprini et al.ll2009l : [Purrer et aLlbOllh . 

Another ide a has been put forward recently in 
iBarrow fc Tsagai (|201ll ): in an open universe, supercurva- 
ture modes decay slower that l/a^ and can therefore re- 
main relevant at late times. The question remains of how 
such supercurvature modes are generated. In this paper, we 
explore this proposal within explicit open universe mod- 
els. Whilst open inflation is no longer the most favored 
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model of inflation, it is the most explicit model that leads 
to an open universe, and we therefore start by studying 
the generation of supercurvature modes within that model. 
We sh ow that within the Coleman-de Luccia bubble uni- 
verse jColeman fc De Luccia|[l980l : iBucher et al.lll995f ). su- 
percurvature modes of the magnetic field are actually not 
part of the physical spectrum and can therefore not be gen- 
erated. We show that the same results also hold for the Milne 
Universe. These are two explicit cases without Big Bang sin- 
gularity. For them we can unambiguously specify the initial 
Cauchy surface needed to define the quantum vacuum and 
the physical spectrum. Of course we could arbitrarily pro- 
nounce any open Friedmann slicing {t — const.} as our ini- 
tial Cauchy surface. But besides the fact that this surface 
does not allow supercurvature modes, such a definition is 
arbitrary, incomplete and not unique. 

Let us first, in a brief paragraph, present the issue of 
supercurvature modes. The Laplacian on the spatial slices 
{t — const.} in an open Friedmann universe with curvature 
K has eigenfunctions with eigenvalues —k^, 



The functions with k > \K\ or, for symmetric, traceless 
tensors of rank m, with A:'^ > (1 -I- m)|Jsr|, form a com- 
plete set of functions on these slices which reduces to the 
usual Fourier modes in the limit K ^ 0. There are, how- 
ever, also so-called supercurvature modes, eigenfunctions of 
the Laplacian with eigenvalues in the range < fc^ < |A'|. 
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At first glance one might argue that, since every square in- 
tegrable function can be expanded in terms of the subcur- 
vature basis, supercurvature modes play no role. If we only 
consider the post-inflationary Universe , this view seems jus - 
tified. However, it has been shown in ISasaki et al.l l|l995h . 
that in open inflation under certain circ umstances supercur- 
vature mod es can be present, s e e also iLvth fc Woszczvnal 
l|l995h andin arcia- Bellido et al] l| 19951 ) for a discussion in 
a different context. The basic reason for this is that the 
{t = const.} slices of the post-inflationary Universe do not 
represent Cauchy surfaces of the entire spacetime contain- 
ing the Coleman-de Luccia bubble. However, in order to 
discuss quantum flelds and particle generation during in- 
flation, we have to expand the flelds in a complete basis on 
a Cauchy surf ace of the inflation ary Universe and, as has 
been shown in ISasaki et al.] (|l995l ). in certain cases this can 
lead to the generation of modes which correspond to super- 
curvature modes after inflation. 

In ISasaki et al.l (|l995l ) the analysis is presented for 
scalar flelds. In this paper we reduce the case of the electro- 
magnetic field t o the scalar field pro blem so that we can ap- 
ply the results o f ISasaki et aLl(|l995l ). We show that when ex- 
pressing the electromagnet ic field in terms of the Debye po- 
tentials (IMo fc Papa j| 19721 ) ■ these can be viewed as two con- 
formally coupled fields for which no supercurvature modes 
exist. A definite statement can be made in any setup which 
allows for the Cauchy problem to be well-posed. On physi- 
cal grounds, although there may be no unique mechanism to 
procure an open FL universe, we want to focus on the open 
inflation scenario. We think that a case study within this 
scenario is most useful because it is by far the most explicit 
and physically well-motivated setup which naturally leads 
to an open FL universe and, at the same time, comes with 
a complete description in the Cauchy sense. Other scenarios 
which, e.g., impose an open geometry to be realized ad hoc 
have to be supplemented by some arbitrary assumptions, 
and the question of supercurvature modes can therefore not 
seriously be addressed. 

The open inilation scenario (jBucher et al ] 1 19951 : 
ICarcfa- Bellido et al.l Il998h was originally introduced at a 
time when observational data seemed to favor an open 
universe and it was therefore imperative to look for ap- 
propriate models. With the advent of precision measure- 
ments of the anisotropies in the cosmic microwave back- 
ground, the evidence for considerable curvature to be present 
in our Universe ha s virtually evaporated (Jaffe et al, .2001 : 
ISpergel et alll2003l ). However, the scenario has recen tly at- 
tract ed new interest in the context of eternal inflation ( Lindd 
198d : Guth 2007) and the Landscape idea (jWeinberefeoOTi : 



Susskindii2007i ). From this new point of view, open inflation 



in the Coleman-de Luccia bubble Universe remains concep- 
tually well-motivated, although the focus has shifted away 
from procuring non- vanishing curvature. In fact, the sce- 
nario allows that the cur vature we observe t o day c an be 
rather minuscule, see e.g. iDe Simone fc SalemI l|201 0'l for a 
discussion. As already pointed out, in this paper we exploit 
the fact that the setting contains enough information about 
the background spacetime such that the questions we want 
to study can be addressed in a meaningful way. Here we are 
not so much interested in the question of whether the spa- 
tial curvature of the observed Universe is negative, but we 
want to analyze the conceptual question of whether an open 



universe can allow for supercurvature modes of the electro- 
magnetic field. 

The remainder of this paper is organized as follows: in 
the next section we introduce the Debye potentials, write the 
electromagnetic Lagrangian in an open, closed or fiat FL uni- 
verse in these variables and derive a complete set of solutions 
to the Euler-Lagrange equations. We then analyze whether 
supercurvature modes are normalizable on a Cauchy surface, 
and by comparison with the pure scalar case, we conclude 
that no supercurvature modes are normalizable on an open 
de Sitter geometry. By conformal invariance we find that the 
same result holds for a Coleman-de Luccia bubble. Finally, 
for completeness, we provide the full quantization prescrip- 
tion of the Debye potentials, before summarizing our results. 
In an appendix, we present the explicit computation of the 
mode normalization also for the Milne model, which is one 
of the simplest open universe models. 



2 GENERAL FORMALISM 

We consider background geometries of the Friedmann- 
Lemaitre (FL) type. The line element reads 



ds 



di^ + a{t) [dr'^ + s^{r)d^f] 



(1) 



where s(r) = sinr, r, sinhr corresponds to closed, flat and 
open spatial geometry, respectively. In this work, we will fo- 
cus on the latter two cases. In particular, the case a(t) = 
const., s(r) = r gives the Minkowski metric, while a{t) = 
sinh{H t) /H, s{r) = sinhr represents an open foliation of 
de Sitter space with A = 3H^. Note that with this conven- 
tion, r and s have no units and spatial curvature is K — ±1 
or 0, but a and t have units of length. As usual, we set 
c=h=l. 

Because these types of backgrounds are spherically sym- 
metric, they are appropriate for studying th e electromag- 
netic field in terms of the Debye potentials (|Mo fc Papas! 
1973). In this formalism, instead of making use of the usual 
A'^ vector potential, the electromagnetic field is decomposed 
into two potentials U and V. The advantage of these Debye 
potentials is the fact that the equations completely decouple 
in any spherically symmetric background, while the compo- 
nents of are usually badly mixed if the spacetime is not 
flat. Therefore, the Debye potentials allow for even more 
general metrics than 

In equations (4) and (5) of lMo fc PapasI l|l972h . expres- 
sions for the physical electric and magnetic fields are given 
in terms of the Debye potentials. It will be useful for us to 
look at these fields in the helicity basis. Given an orthonor- 
mal basis {ee,e^) on the sphere, the helicity basis reads 



e+ = (es - ie^) , e_ = (ee + ie^) . (2) 



We find the following components of the physical electric 
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and magnetic field in this new basis: 
1 



Er 
Br 

E+ 

B+ 
E- 



2as 



(99* +9*9)1/ 



-— (99* +9*9) (7 
2as 



1 



\/2as 
1 

\/2as 



[dr (s9V) + idt (asW)] 
[dr (sdU) - idt (as9V)] 



B*. 



(3) 



In these expressions, we make use of the spin-raising and 
spin-lowering operators 9 and 9*. These are defined as 



X 



-sin'^ede (sin "^Ox) ~ -^-^d^^x 
^ ' smt' 



I (sin'^^x) + -^—Kd4>X 
sm 6 



(4) 



where a is the spin- weight of the field x- the names 
imply, the spin-raising and lowering operators increase or 
decrease the spin-wei ght of a field by one unit. See, e.g., 
iGoldberg etlol for some details concerning these op- 

erators and the spherical harmonics used to expand a field 
of arbitrary spin- weight. 

Using F^^F'"' = 2B^ - 2E^ the MaxweU action in 
terms of the Debye potentials is 



5cm ~ I a^dts''drdQ — ^dt (adU) dt {ad*U) 



+— (9*9i7) im'u) + —dr (sW) dr isn*u) 



-{U-^V} . (5) 

It is evident from the action that the physical degrees of free- 
dom are carried by the helicity-one representations 917 and 
QV. This is in agreement with the well-known properties of 
a photon. Furthermore, it is not surprising that the two he- 
licity degrees of freedom decouple in a spherically symmetric 
background. 

The equations of motion ar^U 



-AU 



+ 



{dtaf 



+ 



U^aU-\- mtaU = , (6) 



and the same for V . Since U and V have identical properties, 
we will from now on only focus on U . All results apply to V 
in exactly the same way. In the above expression, we have 



As in eqs. (6) and (7) of iMo fc Papai lll972h . we have omit- 
ted an overall spherical Laplacian (99* + 9*9)/2 acting on the 
equation. The solutions are identical up to modes which are an- 
nihilated by this operator. These are exactly the modes of U with 
zero angular momentum {t = 0). Noting that these modes are 
already annihilated by 9 and 9* individually, it is evident from 
inspecting eq. Jsj that they are pure gauge modes which do not 
contribute to the physical electromagnetic field. Note also that 
with this operator, the equations of motion would appear to be 
fourth order in the angular coordinates. The equations for the true 
physical degrees of freedom 9(7 and 9^, however, would remain 
second order in all coordinates. 



introduced the spatial Laplace operator A for a scalar field 
defined as 



(7) 



s^ ~ ' 2s2 

The operator □ in ((6| is precisely the d'Alembertian for 
a Lorentz scalar. However, since U is not itself a Lorentz 
scalar, it also acquires an effective mass mcs which is pre- 
cisely the one that corresponds to a conformal coupling to 
curvature. 

In the case of spatial flatness, a complete set of eigen- 
functions to A is given by 



P\/2/nje{pr)Yim{d, < 



(8) 



where we have chosen the spherical Bessel functions je which 
are regular at the origin. The eigenvalue equation on the fiat 
three-dimensional surface is 

— AXplrn = P^Xptrn , (9) 

and the eigenfunctions are normalized as 

drr'^dO.XplmXluirn' = 5{P — P')5u'5m,n' ■ (10) 

In the case of an open geometry where s = sinhr, the 
eigenfunctions are the harmonics on the three-hyperboloid. 
The eigenvalue equation reads 

2 



AYplm = (P +l)n 



plra •> 



(11) 



where the eigenfunctions YpPm which are regular at r = 
are given by 



Ypem{r,6,(j)) = fpi{r)Yim{d,4> 



= ^,p-i/2'(coshr) 



r(ip + i) ViMr7^'''-^/^ ^^^^ 

see, e.g., ISasaki et al. 1 l|l995l ). The normalization is again 
such that 



J drsinh^rdflYpir^Ypif,^, = 5{p~ p')Su,S„ 



(13) 



this time on the three-hyperboloid. 

The Debye potentials are conformally coupled to grav- 
ity, meaning that any conformal factor which preserves the 
spherical symmetry of the geometry can be absorbed into a 
redefinition of the fields. In particular this means that the 
equation of motion (|6]) is invariant under a time-dependent 
conformal rescaling gfj,„ — >■ u)'^{t)gp,i, (with the correspond- 
ing redefinition of time) and a simple rescaling of the field 
as (7 ^ uj-'^{t)U. 



3 NO SUPERCURVATURE MODES 

A special situation is given in the open universe models be- 
cause the three-hyperboloids used in the foliation do not 
usually represent global Cauchy surfaces. Therefore, the fail- 
ure of modes to be normalizable on the hyperboloids does 
not necessarily imply that they should be excluded from the 
physical spectrum. What really matters is the question of 
whether or not a mode is normalizable on a Cauchy sur- 
face. It is well-known that in certain scalar field models this 
leads to the occurrence of modes with discrete imaginary 
values of p in the spectrum which are usually referred to as 
supercurvature modes. 
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Figure 1. Spacetime diagram of a one- bubble geometry which 
may be the result of a Coleman-de Luccia process. If one can ne- 
glect the geometric effect of the bubble (indicated as the white 
region), the spacetime is approximately de Sitter. There always 
exists a conformal map, given as a finite conformal factor, between 
the 0(3, l)-symmetric one-bubble spacetime and the 0{4, 1)- 
symmetric de Sitter space. Region I resembles an open FL uni- 
verse but does not contain any global Cauchy surface. Such a 
surface is indicated as Eq, which is entirely contained in region 
II. Region III is another open FL universe, similar to, but causally 
disconnected from region I. Some surfaces of constant radial or 
constant time coordinate are indicated as dashed lines. 



In the case of the magnetic field, it was found in 
iBarrow fc Tsl^ ll201ll) - see also references therein to ear- 
lier w ork, e.g. llBarrow fc Tsaeasl (|2008h : IXsaeas fc Kandu^ 
l|2005f l - that supercurvature modes, if they exist, give rise 
to superadiabatic evolution and can therefore help to solve 
the problem of magnetogenesis. It is therefore of relevance 
whether or not the electromagnetic field can support super- 
curvature modes. With the formalism of the Debye poten- 
tials, we can now easily address this question. 

In order to study whether such supercurvature modes 
are relevant, we have to check if there are some modes 
with imaginary p which are normalizable on a Cauchy sur- 
face. As mentioned before, such a surface can usually not 
be found within the patch covered by the open coordinate 
chart. One therefore has to complete this chart, which means 
that one usually has to continue the coordinates across 
the initial singularity of the open chart (which is a coor- 
dinate singularity). As a specific example which is general 
enough, one can consider the creati on of a n open universe 
by th e Coleman-de Luccia process ijCo eman fc Do L uccjg . 
as in the open infia tion scenario (jBucher et al.lll995 



Garcfa-Bellido et al.lll99^ . A spacetime diagram is shown 



in figure [T] In this type of model, the open region (indicated 
as region I in figure [l| is contained fully within the light- 
cone of the nucleation event of a bubble which was created 
by a vacuum metastability transition. However, the entire 
one-bubble spacetime can easily be constructed from the in- 
stanton which is responsible for the transition. A Cauchy 
surface is then given, e.g., by the maximal three-section of 
the instan ton, which represents the so -called turning-point 
geometry (jColeman fc De Luccialll980l ). It is located along 



the horizontal line indicated as Eq in the figure. Any time- 
evolution of this surface is, of course, equally suitable. 

In order to make the problem tractable analytically, let 
us ignore for a moment the geometric effects of the bubble 
altogether. That is, we consider an exact de Sitter geometry 
with ait) = sinh{H t) / H , s{r) = sinhr. For de Sitter space, 
the question of supercurvature modes (in a scalar field set - 
ting) has been thoroughly studied in ISasaki et al. I (|1995| ). 
It turns out that their analysis can be easily applied to the 
pr esent setup. Compar ing our eq. © with the equation (2.7) 
of ISasaki et al] (|l995l ). it is evident that the i^-parameter 
is the one of the conformally coupled field. This should, of 
course, not come as a surprise since the electromagnetic field 
is conformally coupled. The analysis then proceeds with the 
calculation of the normalization o f the modes on a Cauchy 
surface. While ISasaki et all (|l995l ) work in de Sitter space, 
we will present this calculation for an even simpler toy model 
of an open FL universe, the Milne model, as pedagogical ex- 
ample in the appe ndix. 

It is shown in ISasaki et al.l l| 19951 ) that no supercurva- 
ture modes exist in the conformally coupled case. By re- 
applying exactly the same arguments we can therefore con- 
clude that there are no supercurvature modes for the Debye 
potentials as well. The result, so far, holds for the case of 
an exact open de Sitter background. However, one can show 
that it rigorously holds also for any one-bubble geometry like 
the ones produced in an arbitrary Coleman-de Luccia pro- 
cess. This can be seen by noting two facts. Firstly, the radial 
coordinate on the Cauchy surface corresponds to the ana- 
lytic continuation of the time coordinate of the open chart. 
The continuation of the scale factor a into the Euclidean 
domain therefore characterizes the geometric effects of the 
bubble. It is the behavior in Euclidean time which deter- 
mines the normalizability of a mode. Secondly, we note that 
any bubble geometry can be mapped onto an exact de Sitter 
geometry by a finite conformal factor, which may depend 
on the radial coordinate on the Cauchy surface. However, 
we already pointed out that the mode equation is invari- 
ant under such a conformal transformation. In particular, 
the normalizability of a mode is not affected by any finite 
conformal rescaling. In fact this means that any 0(3, 1)- 
symmetric geometry has the same spectrum of modes for 
the electromagnetic field. The non-existence of electromag- 
netic supercurvatu re modes then follows as a corollary from 
ISasaki et al.1 (|l995l ). 

Since the formalism we apply here is very different, it is 
worthwhile to explain the connection to 'Barro w fc Tsagaa 
( 2011,) in some more detail. Given our expression (|3]) for the 
magnetic field and using the mode expansion of eq. (|12|l for 
U and V, one can show that the covariant three-dimensional 
(spatial) vector Laplacian acting on a magnetic mode with 
wavenumber p yields 



(p) 

A comparison with eq. (7) 
also their footnote 6) then 
wavenumber p and their eij 
superadiabatic modes with 
imaginary wavenumbers p. 
modes are not included in 
open universe scenario. 



r + 2, 



(14) 



of iBarrow fc Tsagad (|201ll ) (see 
clarifies the relation between our 
jenvalue parameterization n. The 
eigenvalues < 2 correspond to 
, We have just shown that these 
the spectrum in any one-bubble 
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4 QUANTUM THEORY 

A canonical quantization prescription for the Debye poten- 
tials works as follows. First, we note that the true physical 
degrees of freedom which should be quantized are given by 
QU and dV. Then, it is advised to rescale the fields such that 
the Hubble damping term in the mode equation disappears. 
To this end, we write QU = v/a and choose a conformal time 
coordinate defined hy dt = a dr. The action for the rescaled 
field V reads 

Sv = - drs^drdfll—drvdrV* + \B*vdv* 
2 J I 

+ ^dr{sv)dr{sv*)^. (15) 

Following the usual rules of canonical quantization, the field 
V is promoted to an operator v and can be expanded in 
terms of creation and annihilation operators of modes by 
writing 




+ ^llm'"pi'^)lYpim{r,0,(l>)] ■ (16) 

Note that the field v is of spin-weight one and should there- 
fore be expanded in terms of the appropriate spherical har- 
monics. The eigenfunctions lYptm of the spatial Laplace op- 
erator are the ones of eq. (|12p with Yim replaced by the cor- 
responding spherical harmonic of spin- weight one, lYim- In 
case of spatial flatness, the eigenfunctions lYpem have to be 
replaced by iXpirn, which are related to eq. ([8| in a similar 
way. In both cases, the mode functions Up(t) are governed 
by the mode equation 

drVp+p^Vp = , (17) 

and it is allowed to choose them as independent of £ and m. 
If one uses normalized mode functions 

Im{vpdTVp) = 1 , (18) 

then the equal time commutator of field and canonical mo- 
mentum, 

[t)(r,r,6',0),9^t)*(r,r',6l',<;/>')j = 

i^5(r- r')S(cos 6 - cos e')5((j) - <f)') , (19) 

is equivalent to the standard commutation rules for the cre- 
ation and annihilation operators, 

apfm, a],,^,^,j = 5{p ~ p')5ui5mm' ■ (20) 

The reader may wonder what would have been the 
difference if one had quantized the scalar Debye poten- 
tials directly instead of the helicity-one degrees of free- 
dom which we obtained by applying a spin-raising operator. 
Firstly, by choosing to quantize the latter, we have avoided 
a quantization of the unphysical gauge modes with £ — 
which are present in the expansion of a scalar but not in 
the one of the helicity-one fields. Secondly, by noting that 
dYim = \/£{£ + l)iYem, one can see that some ^-dependent 
factors may appear in the commutation rules for the scalar 
Debye potentials. A careful look at the action reveals that 
the scalar modes are not canonically normalized and that 



these factors are therefore expected. These differences, how- 
ever, are completely inessential for the question of whether 
or not any supercurvature modes are part of the spectrum. 
In particular, the argument of section |3] works equally well 
for the helicity-one degrees of freedom, with rather obvious 
modifications when going through the detailed proof. 

The standard choice of positive frequency mode func- 
tions is like in Minkowski space, 

Vpir) = _Le-'P- , (Minkowski) . (21) 

This is not surprising as the rescaled electromagnetic 
fields, B/a^ and E/a^ are independent of the scale fac- 
tor in conformal time. One can verify that some stan- 
dard results of quantized electromagnetism are reproduced. 
We checked this for the vacuum two-point correlators 
{Ea{t, r, 6, <j))Eb{t' , r', 9' , (/>')), which turn out to be the same 
as if obtained from a standard quantization of in 
Minkowski space. 

However, the above quantization prescription is general 
enough to be applicable also in arbitrary flat or open FL 
backgrounds. For instance, one could obtain the primordial 
power spectrum of the electromagnetic fleld in the open in- 
flation scenario. Since we have proven that no supercurva- 
ture modes are present, the result of this computation is, 
however, of pure academic interest, because one does not 
expect that significant perturbation amplitudes can be ob- 
tained after the infiationary era. 

5 CONCLUSIONS 

In this letter we have studied the modes of the quantum 
vacuum of the electromagnetic field in an open, inflating 
Friedmann universe. Whilst subcurvature modes decay ex- 
tremely fast after their generation, supercurvature modes, 
on the other hand, could remain relevant at the end of infla- 
tion and could then have a signiflcant impact on the origin 
of large scale magnetic flelds in the present Universe. Great 
care should therefore be taken in understanding under which 
circumstances supercurvature modes are expected to belong 
to the magnetic fleld spectrum. Here we have explored the 
eigenmodes of the electromagnetic fleld in an open universe 
and we have shown that supercurvature modes are not ex- 
pected to be produced via any causal process, such as if the 
open universe is generated by bubble nucleation. This is a 
consequence of the conformal coupling of electromagnetism. 

If one switches on some perturbative interaction later 
during inflation, conformal invariance may be broken and 
electromagnetic modes may be generated. But only modes 
which are present in the quantum vacuum can be excited by 
such a perturbative coupling, namely subcurvature modes. 

We have focused on the open inflation scenario with the 
remark that it presently is the only physically motivated sce- 
nario which procures an open Friedmann universe and offers 
a complete enough framework to address the question of su- 
percurvature modes. It also represents the scenario preferred 
by recent considerations of eternal inflation and the Land- 
scape of string theory. Our argument shows already that no 
supercurvature modes can exist in all cases where the global 
spacetime carries the same 0(3, l)-symmetry as is displayed 
by the open patch. In less speciflc settings which are de- 
prived of a global description, the question may be elusive, 
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but the experience with the open inflation scenario teaches 
us that the physical viabihty of supercurvature modes in the 
context of standard electromagnetism has yet to be demon- 
strated. In a singular open Friedmann universe this question 
cannot be seriously addressed, and when addressed naively, 
choosing {t = const.} hypersurfaces, again no supercurva- 
ture modes are contained in the physical spectrum. 

In view of this result, it appears more and more un- 
likely that standard electromagnetism can support any su- 
peradiabatic evolution of cosmological magnetic fields under 
physical conditions. Such an evolution can be obtained only 
by breaking the conformal invariance of electromagnetism 
(already at the time of bubble nucleation) or by introducing 
some other kind of new physics. 



ACKNOWLEDGMENTS 

We thank Misao Sasaki for interesting comments. JA wants 
to thank the University of Geneva for hospitality and the 
German Research Foundation (DFG) for financial support 
through the Research Training Group 1147 "Theoretical As- 
trophysics and Particle Physics." CdR and RD are sup- 
ported by the Swiss National Science Foundation. 



APPENDIX A: MODE SPECTRUM IN THE 
MILNE UNIVERSE 

We present here the explicit computation of the mode spec- 
trum in the Milne model, which is one of the simplest open 
FL geometries. It is obtained by rewriting the line element 
of Minkowski space as 

ds^ = -dT^ + dR^ + R^dn^ = -dt^ + t^ [dr V sinhVdfi^] . 

(Al) 

While — oo < r < cxD and ^ i? < oo are the coordinates 
of a standard (spatially flat) spherical coordinate system 
which covers the full Minkowski spacetime, using Q < t < oo 
and ^ r < oo one obtains a metric of the open FL type 
with a — t, cf. eq. ([l]). This new coordinate system, with 
T — tcoshr and R = tsinhr, covers the interior of the 
future lightcone of T = _R = 0. Within this very simple 
setting which yet has all the desired features, we want now 
to exemplify the reasoning of section [3] 

As a first step, for the mode expansion of eq. (|12|) we 
can immediately solve the mode equation. The solutions to 
eq. (O take the form 



The line element is given as 



ds^ = dp^ — p^dr^ + cosh^ rdil^ 



(A3) 



(A2) 



where Np± is a normalization to be determined. To this end, 
we want to evaluate the Klein-Gordon inner product on a 
Cauchy surface. The whole point is that the open spatial 
hypersurfaces {t — const.} do not represent proper Cauchy 
surfaces and one should therefore make a better choice. We 
choose the surface {T — 0} which is a proper global sec- 
tion of Minkowski space. This hypersurface lies entirely out- 
side the coordinate patch covered by t, r, however, by mak- 
ing appropriate analytic continuations, we can complete the 
chart to include {T — 0}. More precisely, by taking t — ^ ip, 
r T — in/2, the region outside the lightcone is covered by 
—oo < T < oo and < p < oo. Furthermore, the hyper- 
surface {T — 0} coincides with the one defined by {t — 0}. 



It is noteworthy that the role of time and radial distance 
have been inte rchanged by the analytic continuation, just as 
it was done bv lSasaki et al.l (| 19951 ) for the case of de Sitter. 
The Klein-Gordon inner product is finally given by 

■ f 2 . " 

T=0 

oo 



X cosh r fpedrfp'i' (A4) 

By making a change of variables to In p, one can see that the 
p— integral is a representation of the delta function 5{p — p') 
for p,p' real. For any imaginary p ox p' , the integral is badly 
divergent, which implies that the modes with imaginary p 
have zero norm. In other words, there are no supercurvature 
modes of the Debye potentials in the Milne model. 

For the regular modes with real values of p, the term 
printed in the last line of eq. (IA4[I can be easily evaluated 
once setting p = p' and 1 = t! . One obtains 



cosh r fpidrfp 



2ip . 
= sinh np 



(A5) 
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